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Important Notes

* Grading Policy: This homework is considered complete once you reach a total of 100 points. Up
to 30 additional bonus points may be earned; however, any score above 100 will still be recorded as
100. Bonus points do not transfer or overflow to other assignments.

* Homework Deadline: The assignment is due on the posted deadline. Please make sure to submit
your work on time.

* Delay Usage Policy: You may use at most 3 days of your allowed late-day budget for this homework.
Late days will be automatically applied if you submit after the deadline.

* Solution Release: Official solutions will be released exactly 3 days after the deadline. No
submissions will be accepted once the solutions are published.

* Cheating and Collaboration Policy: You must write all solutions in your own words and produce
all code independently. Discussing general ideas is allowed, but sharing written solutions, code,
or using someone else’s work (including from online sources, previous semesters, or Al tools
without proper authorization) is strictly prohibited. Violations will result in academic misconduct
procedures.

Advice

Please avoid asking LLMs for the answer. Sure, doing so might give you an immediate reward of 5
points, but in the long run, it won’t help you become the next Rockstar of DRL. Remember the key
lesson of this course: chasing immediate rewards is rarely the best strategy. Instead, struggle with
the problems, read the papers, and truly understand the algorithms. The satisfaction of solving a
challenging problem yourself is far greater than any grade. Good luck! [ ]
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1 Deterministic Actor-Critic: From DPG to TD3

This problem studies deterministic policy gradients, DDPG, and TD3, emphasizing derivations, oftf-policy
actor-critic learning, function approximation error, overestimation bias, and algorithmic implications in
continuous action spaces [2, 3, 4].

1.1 Background: Stochastic Policy Gradients
Recall the Stochastic Policy Gradient (SPG) Theorem:

Stochastic Policy Gradient Theorem
For a stochastic policy my(a|s), the gradient of the performance objective
J(0) = Eanpro [0 (s)]

is
Vo J(0) = Esupro, ammy [Volog me(als)Q™ (s, a)] .

In continuous action spaces A C R"™, computing this gradient requires integrating over the action space:
Vo J(0) = / P (s) / Vomo(als)Q™ (s, a) dads.
S A

This integration can be computationally expensive or intractable in high-dimensional action spaces.
Stochastic Actor-Critic Methods
To estimate the policy gradient, we use actor-critic methods that maintain:

* Actor: policy my(als);

* Critic: action-value approximation Q* (s, a) ~ Q™ (s, a).
On-Policy Stochastic Actor-Critic:
Here a; ~ my(-|s;) and az 1 ~ mo(+|S¢11)-

Or = e + Q" (St41, arg1) — Q" (51, ay),

W1 = Wi + @yy0: Vi, QY (e, ar),

01 = 0, + agVglogma(as|s) Q¥ (s¢, ay).

Off-Policy Stochastic Actor-Critic:

A behavior policy (a|s) generates transitions, and importance sampling corrections are used [7]. Define

o = W@(at|8t)
L Blads)
Here a; ~ ((-|s;) and a;1 ~ B(+|s411) are sampled from the behavior policy. The critic update must also be
corrected with the importance weight p; to properly estimate ()™:
0r = 1t + Q" (8141, ary1) — Q" (51, ar),
W1 = Wi + Qyy pr 6V Q" (81, ar),
Orr1 = 01 + app: Vo log ma(ar]s:) Q" (s, ar).

1
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1.2 Action-Value Gradients

Consider a deterministic policy 1y : S — A, which directly maps states to actions without stochasticity. For
a given policy 4, define the action-value function Q*" (s, a).

A key insight is that we can compute the gradient of Q" (s, ug(s)) with respect to 6 using the chain rule,
avoiding the need to integrate over actions.

Question 1: Action-Value Gradient Derivation [1 Points]

Using the chain rule, derive the gradient of the action-value function evaluated at the deterministic
policy:
VoQ" (s, po(s))
Show that this equals:
Voro(s)Va@"" (s, a)]

a=pg(s)

1.3 Motivation for Deterministic Policy Gradients

The action-value gradient formula reveals a crucial advantage: we can compute policy gradients without
integrating over the action space. Instead, we only need:

1. the policy Jacobian Vypuy(s) from the actor;
2. the action-value gradient V,Q" (s, a)|q—p,(s) from the critic.

This suggests that for deterministic policies, we can derive a policy-gradient theorem that avoids the [ 4 term
entirely. This is the essence of the Deterministic Policy Gradient theorem.

1.4 The Deterministic Policy Gradient Theorem

Let the deterministic policy be 1y : S — A. The state-value and action-value functions are

VHo(s) = Q" (s, pa(s)),

and

Q" (s,a) =r(s,a) + ’y/sp(s’|5, a)VHo(s') ds'.

Let the unnormalized discounted state-visitation measure be

pe(s) = 307" Prlsy = s | o).
t=0

Deterministic Policy Gradient (DPG) Theorem

Consider a deterministic policy g : S — A and the performance objective:

mm:éwwww@MmmMm@m@n
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where pt(s) is the discounted state visitation distribution under policy . Then:

Vo (o) = [ (5)Vona(s)VaQ (5, .

. a=pe(s)

or equivalently:

Vo (1) = Eepe [Vopo(6)VaQ (5,0 )

Question 2: Proof of the DPG Theorem [8 Points]

Prove the Deterministic Policy Gradient Theorem by following these steps:

Step 1 Express J (1) in terms of the state-value function V#(s). Show that:

T) = [ pofoo)V*(s0) dso
where py(so) is the initial state distribution.
Step 2 Using the Bellman equation for V'#, show that:

VgV (s) = VoQ" (s, po(s))

Step 3: Express the gradient of the state-value function VyV#¢(s) recursively by applying the chain
rule to the Bellman equation V#¢(s) = Q"¢ (s, e(s)), showing that:

VeVHo(s) = Vopge(s) V.Q" (s, a)‘azw(s) + W/p(s']s, pe(8))VeVHe(s") ds'
S

Step 4: By repeatedly unrolling this recursive equation down the trajectory timeline, show how the
discounted state visitation distribution p"¢(s) naturally emerges to yield the final Deterministic Policy
Gradient theorem formula.

1.5 Benefits of Deterministic Policy Gradients

The DPG theorem reveals several key advantages over stochastic policy gradients:

1. Computational Efficiency
The DPG gradient

Vo (16) = Bampi [Voto(5)Va@(5,0)],_, ]

requires only a single action evaluation per state, whereas the SPG gradient
VoJ(0) = Espmo, ammy [ Vo log mo(als)Q™ (s, a)]
requires sampling actions from 7y(a|s) and estimating an integral over the action space.

In high-dimensional continuous action spaces, this difference is dramatic. For example, in a 20-
dimensional action space, SPG may require many action samples per state to estimate the gradient

3
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accurately, while DPG evaluates only the deterministic action.

2. Relationship to Stochastic Policy Gradients
Silver et al. show that DPG is the limiting case of SPG as the policy becomes increasingly deterministic.
Specifically, consider
Tupo(als) = N(a; po(s), 0°I).
Aso — 0,
lim VoJ(7y,0) = Vo (116).

1.6 Deterministic Actor-Critic Algorithms

Just as with stochastic policies, we can derive actor-critic algorithms for deterministic policies by combining
the DPG theorem with function approximation for the critic.

Question 3: Deterministic On-Policy Actor-Critic [2 Points]

Derive the on-policy deterministic actor-critic algorithm. Assume:

* The actor is a deterministic policy jig(s)

* The critic is a function approximator Q" (s, a) ~ Q" (s, a)

e Transitions are generated by following 1y with exploration noise: a; = pg(s;) + N (0, 0?)
Provide the update rules for both the critic parameters w and the actor parameters 6.

Question 4: Deterministic Off-Policy Actor-Critic [3 Points]

Derive the off-policy deterministic actor-critic algorithm. Assume:

* The target policy is jg($)

* The behavior policy is 3(als) (e.g., iy with added noise)

* Transitions (s, a;, ¢, S;41) are generated by [
Show that, unlike the stochastic case, the off-policy deterministic actor-critic does not require
importance sampling corrections in the actor update. Explain why.

Implementation 1: Deterministic Policy Gradient (DPG) [5 Points]

Implement a near-on-policy deterministic actor-critic baseline for the custom moving-
target Reacher environment. The environment code and helper utilities are provided in
moving_target_reacher_env.py.

The actor should be updated using the deterministic policy-gradient direction:

Vo (o) % Ex | Vorto(s) VaQo(5: )],y
The critic should be trained with a one-step bootstrapped target:
Yo =re+ (1 — de)Qp(5t+1, o(Se11))-
Since deterministic policies do not explore by themselves, collect data using noisy actions
a; = po(se) + €.

Run the training pipeline, plot the learning curves, and briefly discuss why this baseline is less stable
and less sample-efficient than DDPG and TD3.
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1.7 Compatible Function Approximation

A critical question in actor-critic methods is: when does using a function approximator Q% (s, a) instead of
the true Q" (s, a) introduce bias in the policy gradient?

The answer is given by the Compatible Function Approximation theorem, which provides conditions under
which the approximate gradient is unbiased.

Compatible Function Approximation Theorem for Deterministic Policies

A function approximator Q" (s, a) is compatible with a deterministic policy jip($) if:
1. VoQ"(8,a)|azpue(s) = Vopo(s) w
2. The parameter vector w of the approximate critic function Q" (s, a) must minimize the mean-
squared error of its action gradients relative to the true action-value function gradients:

62(9,w) = Ko pn {(VaQ“’(s, a)‘ ) V.Q" (s, a>‘a=ue(8)>1

a=pe(s

Then:

ESNP“ [VG/JJG(S)anw(Sa (1)| (s)] = ]ESNp” |:v0,u0<8)anM(8> CL) ‘GZNG(S)]

a=pig

Question 5: Proof of Compatible Function Approximation [3 Points]

Prove the Compatible Function Approximation theorem by following these steps:

Step 1 Using condition 1, show that:

anw(s’ CL)| ) - VQ,UG(S)TU)

a=pg(s
Step 2 Show that minimizing 2 with respect to w yields the first-order condition:

Espr [Vopo(s) (Q(s, po(s)) — Q" (s, pe(s)))] = 0
Step3 Combine Steps 1 and 2 to prove:

Evvpr | Votto(s)VaQ"(5,0)|_y ] = Bonr | Vorto(s)Va@"(5,) ],y

a=jig

1.8 From DPG to DDPG: Practical Challenges

While the DPG theorem provides a sound theoretical foundation, applying it to complex, high-dimensional
problems with deep neural networks faces several challenges:

1. Sample Efficiency
On-policy methods like vanilla DPG require generating new experience after every policy update. This

is sample-inefficient, especially when:
* interactions with the environment are expensive;
* the policy changes slowly;

* the state and action spaces are high-dimensional.

5
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2. Stability with Deep Networks
Training deep neural networks with temporal-difference learning is unstable due to:

* correlation in sequential data: consecutive transitions are highly correlated;
» moving targets: the target r +yQ"(s', ug(s’)) changes as w and 6 update;

* overestimation bias: value-based backups may overestimate action values, and the actor can
exploit these errors.

3. Exploration
Deterministic policies provide no inherent exploration mechanism. Without exploration, the agent may
get stuck in local optima, fail to discover high-reward regions, and overfit to narrow regions of the
replay buffer.

1.9 Deep Deterministic Policy Gradient (DDPG)

DDPG mitigates these challenges through four key techniques|?]:

1. Experience Replay Buffer
DDPG stores transitions (s, a;, ¢, S¢+1) in a replay buffer D and samples random minibatches for
training.

2. Target Networks
DDPG maintains target networks Q*' and pg with parameters w’ and ¢’ updated by

W Tw+ (1 —71)u, 0 <710+ (1—1)¢,

where 7 < 1.

The TD target is computed using target networks:
Yo =T+ VQw/<5t+17 por (St41))-

3. Batch Normalization
DDPG applies batch normalization to state inputs and intermediate layers of both actor and critic
networks.

4. Exploration Noise
DDPG adds temporally correlated noise to the deterministic policy during training:

ar = fig(st) + N,
where N, is often an Ornstein-Uhlenbeck process.

Question 6: DDPG Component Analysis [3 Points]

For each DDPG component, explain how it addresses the practical challenges identified in Section 1.8:
(a) Experience Replay Buffer
(b) Target Networks with Soft Updates
(c) Batch Normalization
(d) Ornstein-Uhlenbeck Exploration Noise
For each component, also mention one limitation or possible failure mode.
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Implementation 2: Deep Deterministic Policy Gradient (DDPG) [5 Points]

Extend your DPG implementation to the off-policy DDPG algorithm on the custom moving-target
Reacher environment.
The critic should be trained using samples from the replay buffer and the target-network bootstrapped
target:

Ye =1 + (1 = dt)Qg (St41, Ha(St41)) 5

where ()5 and 115 are slowly updated target networks.
The critic loss is

LQ(¢) = ]E(s,a,r,s’,d)N'D [(Q¢(S’ (1) - y)2:| :

The actor should be updated using the deterministic policy-gradient objective:
J(0) = Esup [Qo(s, 10(5))] 5
or equivalently by minimizing
Lr(0) = —Esnp [Qo(s, 1o(s))]

During data collection, use noisy actions
ay = /Lg(St) + €

to ensure exploration, but evaluate the final policy without exploration noise.

Run the training pipeline, plot the learning curves, and compare DDPG against your DPG baseline.
In your report, explain how replay buffers and target networks address the sample-efficiency and
moving-target instability problems of the near-on-policy DPG baseline.

1.10 Function Approximation Error in Deterministic Actor-Critic

Consider a deterministic policy 9 : S — A and a learned critic 4(s,a). In standard deterministic
actor-critic methods, the actor is updated by

VoI (0) % By [Vorto(5)VaQo(s:0)],_,. |-

However, when (), has approximation error, the actor gradient can be biased.

Question 7: Critic Gradient Error and Actor Bias [2 Points]

Assume
<e€

2

HV&%(S, a)‘ )~ V.Q" (s, a)!

a=pp(s a=pp(s)

for every s, and
IVopo(s)llop < M.

Prove that the actor-gradient error satisfies

Explain why this makes deterministic actor-critic especially sensitive to critic errors.

Evvp [Voro(s) (VaQo(s,8) = Va@(5,0) |, ][, < e
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1.11 TD3: Addressing Function Approximation Error

Twin Delayed Deep Deterministic Policy Gradient (TD3) builds on DDPG and introduces three mechanisms
to reduce overestimation bias and improve stability:

1. clipped double Q-learning;
2. delayed policy updates;
3. target policy smoothing.

Consider a deterministic policy j9 : S — A and a Q-function approximator ()4(s, a). In standard actor-critic
methods, the policy is updated by:

VoJ(0) = Egnpn [VGMO(S)VCLQ¢(S> a)‘a=u9(5)}

However, when (), overestimates the true Q-values, the policy gradient becomes biased, which can lead to
suboptimal policies.

Question 8: Overestimation and Policy Performance [2 Points]

Explain intuitively why overestimation in the critic leads to poor policy performance. What happens
when the actor exploits overestimated Q-values?

Question 9: Sources of Overestimation Bias [2 Points]

List and briefly explain three sources of overestimation bias in value-based reinforcement learning
with function approximation.

1.12 Clipped Double Q-Learning

TD3 uses two critics and forms the target

y=r+yminQu(s, pe(s)).

Question 10: Minimum of Two Q-Estimates [3 Points]

While standard Double Q-learning assumes independent critics to achieve an unbiased estimate, TD3
acknowledges that critics in actor-critic frameworks are not entirely independent. Explain why this
lack of independence causes standard Double Q-learning to fail in continuous control, and show
mathematically how taking the minimum y = r + 7 min;—; » Qy, (s',a’) forces an underestimation
bias assuming the critics’ errors can be modeled with symmetric noise.

Question 11: Underestimation vs. Overestimation [2 Points]

Explain the trade-off: why might a slight underestimation bias be less harmful than overestimation
bias in actor-critic methods?
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1.13 Delayed Policy Updates

In TD3, the policy is updated less frequently than the Q-functions. Specifically, the policy is updated once
every d critic updates, typically with d = 2.

Question 12: Delayed Policy Updates [2 Points]

Explain why updating the policy too frequently relative to the critic can be harmful. Interpret delayed
policy updates as an approximate two-time-scale method.

1.14 Target Policy Smoothing
TD?3 adds noise to the target policy action when computing the target Q-value:
y=r+yminQu(s, po(s) +e),

where
e ~ clip(N(0,0), —c, c).

Note: The noise € is sampled exactly once per target computation and applied equally to the action evaluated
by both critics.

Question 13: Target Policy Smoothing Intuition [2 Points]

Explain the intuition behind target policy smoothing. Why does adding clipped noise to the target
action help?

Question 14: Target Smoothing and Regularization [3 Points]

Ignoring clipping, suppose € ~ N (0,021) and Q(s, a) is twice differentiable in a.
Derive a second-order approximation for

E.[Q(s', u(s') + o).

Explain how this relates to local regularization of the critic target.

Implementation 3: Twin Delayed Deep Deterministic Policy Gradient (TD3) [10 Points]

Extend your DDPG implementation to TD3 on the custom moving-target Reacher environment.
TD3 uses two critics ()4, and (), to reduce overestimation bias. The critic target should be

ye =1 +v(1 —dy) gi% Q&i (8¢41, Hg(Se1) +€),

where
e ~ clip (M (0,07), —¢, c) .

The perturbed target action should also be clipped to the valid action range of the environment.
The critic loss is

LQ(¢17 ¢2) = E(S,a,r,5’7d)~D [(Qd’l (87 CL) - y)2 + (Qd)z (Sv a) - y>2] 0
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The actor should be updated less frequently than the critics. When an actor update is performed, use

Lr(0) = —Esup [@s, (5, p16(5))] -

Implement the three main TD3 modifications:

1. Clipped double Q-learning: use min(Qs,,Q3,) in the target.

2. Delayed policy updates: update the actor and target networks once every d critic updates.

3. Target policy smoothing: add clipped Gaussian noise to the target action.
Run the training pipeline and compare TD3 against DDPG and the near-on-policy DPG baseline.
Include learning curves and at least one ablation, such as removing clipped double Q-learning,
removing delayed actor updates, or removing target policy smoothing. In your report, explain which
TD3 component had the largest effect and relate your observations to critic overestimation and actor
exploitation of critic errors.

10
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2 Soft Actor-Critic

2.1 Maximum Entropy Framework

Maximum-entropy RL augments return maximization with an entropy regularizer:

‘](W) = ZE(Suat)NPw [T(SU at) + O‘H(W("St»] ) (1)

where o > 0 is the temperature parameter and

H(7(]st) = —Eann(lsn log m(als,)].

Equivalently, in discounted infinite-horizon form, the maximum-entropy objective can be written as
J(m) =E, nyt (r(se, ar) — alogm(ag|se))
t=0

For a fixed policy m, the soft value function is

Vﬂ(st) = ]Eat"/ﬂ'(~|8t) [Qﬂ(su Gt) — alog W(thst)] . (2)

The soft state-action value satisfies the soft Bellman equation

Q(s,a) = 7(5,a) + VB p(js.a) [V (s)].

Question 1: Maximum Entropy Framework [3 Points]

Explain intuitively why adding entropy improves exploration and robustness.
Your answer should discuss:
1. why entropy prevents premature collapse to deterministic policies;
2. why stochasticity is useful in environments with multiple near-optimal actions;
3. why the maximum-entropy objective can be more robust to approximation error than pure
reward maximization.

For a fixed function (s, a), define the entropy-regularized value induced by optimizing over the action
distribution:
Va(s) = sup Equr(is) [Q(s, a) — alog(als)]

7(|s)

Question 2: Soft Value Function and the Variational Formula [5 Points]

Show that the entropy-optimized soft value function can be written as

Vo(s) = alog/ exp <é@(s, a)> da. 3)

A

11
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Also show that the maximizing policy is the Boltzmann policy

_exp (iQ(s,a))
fA exp (éQ(s, EL)) da

Finally, explain why Equation (3) is not generally equal to V7 (s) for an arbitrary fixed policy 7.

e (als)

Question 3: Analysis on « [2 Points]

Analyze the limiting behavior as &« — 0 and o« — oo.
Your answer should discuss both the soft value

alog/AeXp (é@(s,a)) da

and the Boltzmann policy 7, (als).

2.2 Soft Policy Evaluation

For a fixed policy 7, define
Vér(s) = Ea~7r(-|s) [Q(Sa a) —Q 10g7r(a|s)].

The soft Bellman backup operator is

T™Q(s,a) = r(s,a) + YE s wp(-|s,a) [ch(s’)]. 4)

Soft Policy Evaluation Lemma

Consider the soft Bellman backup operator T™ in Equation (4). Let Q° : S x A — R be arbitrary.
Define Q"' = T™QF. Then Q* converges to the soft Q-value Q™ as k — ooc.

Question 4: Soft Policy Evaluation Lemma [3 Points]

Prove the Soft Policy Evaluation Lemma.

Question 5: Soft Bellman Residual Bound [4 Points]

Let Q™ be the fixed point of 7. Suppose an approximate critic () satisfies

I7T7Q = Qlls < e

Prove that ¢

1—~

HQ — QWHOO <

12
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2.3 Soft Policy Improvement
Soft Policy Improvement Lemma

Let 7,y € 11 and define:

1 N,
P oy || €2 Q™ (s0,))
Thew = arg 71}’16111'} DKL <7T ( |St) ) ZWUZLI(St) : (5)
Then Q™" (sy, a) > Q™M (s, ar) for all (sy, ar) with | A] < oo.
Question 6: Soft Policy Improvement Lemma [3 Points]

Prove the Soft Policy Improvement Lemma.

2.4 Soft Policy lteration

Now that we have established both soft policy evaluation and soft policy improvement, we can combine them
into a complete algorithm.

Soft Policy Iteration Theorem
Repeated application of soft policy evaluation and soft policy improvement from any 7 € 11 converges

to a policy ™ such that Q™ (s;,a;) > Q™ (ss,a;) for all # € 11 and (sy,a;) € S x A, assuming
|A| < oo.

Question 7: Soft Policy Iteration Theorem [3 Points]

Prove the Soft Policy Iteration Theorem.

2.5 Soft Actor-Critic Losses
In this SAC variant, we use one soft Q-function ()4, a target network Qd-,, and a stochastic actor .

For a sampled transition (s, a,r, s") ~ D, SAC uses the target

y=r+7(Qs(s',a") —alogm(d|s)),  a ~my(|s).

The critic loss is .
JQ((b) = E(s,a,r,s’)ND |i§ (Qd)(sa CL) - y)2:| .

The actor loss is
Jr(g) = ESND, a~mg(+|s) [O{ 1Og 7T9(CL|S) - Q¢(S) a)] .

13
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Question 8: SAC Actor Objective as KL Minimization [3 Points]

For a fixed critic ()4, show that minimizing

']Tr(e) = Est, a~g(+|s) [CY log 7T9(CL|S) - Q¢($, Cl)]

is equivalent, up to a state-dependent constant, to minimizing

o (1o 2 42400)]

Zy(s)

Explain the connection between this actor update and soft policy improvement.

ESND

2.6 Reparameterized Gradient

For continuous actions, we parameterize

&t:fg(ﬁt;st), €t NN(O,I)
Question 9: REINFORCE Variance [2 Points]
Explain why REINFORCE has high variance.

Your answer should compare score-function gradients with pathwise gradients and should mention
why long-horizon returns make the variance problem worse.

Question 10: Reparameterized Gradient [5 Points]

The SAC actor objective can be written as
Jr(0) = Egpnp, o, [alog mo(as|s) — Qg(st, ar)] a; = fo(et; St).
Derive the full reparameterized gradient and verify that the following expression is correct:

VoJr(0) = Eq,op,e,on [Volog mo(ag|s:) — Vo, Qg (¢, ar) Vo fol (6)

Question 11: Squashed Gaussian Policy and Change of Variables [3 Points]

In SAC, continuous actions are often sampled using a squashed Gaussian policy:
u0<376) :M0<S)+00(8)®67 ENN(()?I)a

a = tanh(ug(s, €)).

Derive the log-probability correction

log mg(als) = log N (u; pg(s), og(s)?) — Zlog (1 — tanh®(u;)) ,

=1

where d is the action dimension.

14
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2.7 Temperature Tuning

The temperature « controls the trade-off between reward maximization and entropy maximization. Instead of
manually tuning o, SAC often learns it automatically using a target entropy H.

Question 12: Automatic Temperature Tuning [3 Points]
Consider the entropy constraint
Esp, ammy(1s)|— log mo(als)] > H.
Treating the policy 7y as fixed for the temperature update, derive the temperature loss
J() = Egup, anmy(fs)[—(log mo(als) + H)],  a >0,

which is minimized with respect to a.
Compute V,J(«) and explain how gradient descent on .J(«) changes oz when the policy entropy is
below or above the target entropy.

15
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3 Asynchronous Advantage Actor-Critic (A3C)

Study A2C and its asynchronous extension A3C, focusing on variance reduction, multi-step bootstrapping,
entropy regularization, stale-gradient effects, and parallel optimization behavior [6].

3.1 Variance Reduction in Policy Gradients
Recall the standard REINFORCE policy gradient estimator:

T-1

Z Vo log mo(as|s;) - R(7)

t=0

Vo (0) =E, .,

)

where
T-1
R(r) = Z V'
t=0
is the total return of trajectory 7.

A well-known variance reduction technique introduces a baseline b(s;):
T-1
Vo (0) = Erony | S Valogmolarlse) - (Q7 (s, ar) — blsy)
t=0
The advantage function is defined as

A(s,a) = Q"(s,a) = V7 (s),

where
VW(S) = Ea,\,ﬂ(.‘s) [Qﬂ(s, a)]

Question 1: Baselines, Bias, and the Optimal Baseline [7 Points]
For a fixed state s, define the score vector
go(s,a) = Vylogmy(als).

Part (a) Prove that subtracting any state-dependent baseline b(s) does not introduce bias into the
policy-gradient estimator. Specifically, show that

Eqmry(1s) [90(5, a)b(s)] = 0.

Part (b) Now consider the single-state gradient estimator

Xy = go(s,a) (Q™(s,a) = b(s)).
Derive the scalar baseline b*(s) that minimizes

Eorrg(1s) [HXI’H%] ’

Part (c¢) Is the optimal baseline b*(s) always equal to V™ (s)? If not, state a sufficient condition
under which they are equal.

16
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3.2 Multi-Step Advantage Estimation
A3C uses multi-step returns to trade off variance and bootstrapping bias. Consider the n-step return estimator

n—1
R = D ATk + "V t4m)-
k=0
The corresponding n-step advantage estimator is
A = R = Vy(s).
The one-step temporal-difference error is
6 = 10+ YVg(5t41) — Vi(51)-

Question 2: Multi-Step Advantage as a Sum of TD Errors [3 Points]

Show that the n-step advantage estimator can be written as

n—1
AP = B —Vi(s) = Yo7 b
k=0

Then explain how increasing n affects the bias and variance of the advantage estimator.

Question 3: Critic-Induced Bias in Multi-Step Actor-Critic [5 Points]

Assume that the learned critic differs from the true value function by an approximation error
Vi(s) = V7™(s) + e(s).
For n > 1, derive an explicit expression for the bias
E|A™ | s, =s, a, =a| — A"(s,a).

Your final answer should be written in terms of e(s), the one-step transition kernel P(:|s, a), and the
policy-induced transition matrix FP;.
Then answer the following:

1. What does the bias become when n = 1?

2. What happens to the bias as n — oo, assuming y"e(S1,,) — 0?

3. Why does the term —e(s) alone not bias the policy gradient?

4. Why can the next-state error term bias the actor?

3.3 Synchronous Advantage Actor-Critic (A2C)

The Advantage Actor-Critic (A2C) algorithm maintains two networks:
* Actor: Policy network my(a|s) parameterized by 6.

* Critic: Value network V,,(s) parameterized by ¢.

17
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The critic minimizes the value-function loss

|\

L) =2 [ (viton) - )’

where
n—1

R = Z Vreer + 9" Vo(sean)

k=0

is the n-step return target.

The actor maximizes the advantage-weighted policy objective
Juenl0) = E [log mo(arls) A" |

where ) )
A = Ry, — Vy(s,).

Question 4: A2C Update Equations and Semi-Gradient Critic Learning [3 Points]

Part (a) Derive the semi-gradient update for the critic:
V(chritic (¢) .

In this derivation, treat the bootstrap target R, as a constant with respect to ¢.
Part (b) Derive the policy-gradient update for the actor:

v49Jactor(9) .

In this derivation, treat the advantage estimate AS") as a constant with respect to 6.
Part (¢) Explain why the critic update above is called a semi-gradient update. What term would
appear if we fully differentiated through the bootstrap target?

3.4 Entropy Regularization

To encourage exploration, A2C and A3C often add an entropy bonus to the policy objective:
Jtotal(e) = Jactor(e) + BH(T"9<'|5t))7

where
H(mg(-[5)) = —Eamry (1) [log me(als)].

For a discrete action space, this can be written as

H(my(:]s)) = — Zﬂe(@|5) log mp(als).

acA
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Question 5: Entropy as KL Regularization [2 Points]

Part (a) Show that maximizing entropy is equivalent to minimizing the KL divergence from the
policy to the uniform distribution over actions:

DKL (71'9('|8) || Unlf(A)) .

Part (b) For a discrete action space with |.A| actions, derive
VoH (m(-|s)) = = _ Vomg(als) (log my(als) + 1) .
acA

Part (c) Explain why entropy regularization is particularly important in A3C, where each worker
collects on-policy data without an experience replay buffer.

3.5 Asynchronous Advantage Actor-Critic (A3C)

The key innovation of A3C is to train multiple actor-learners in parallel on different CPU threads, each
interacting with its own copy of the environment. This asynchronous framework addresses two critical
problems:

1. Correlated Experience
Sequential on-policy data is highly correlated, leading to unstable learning. Traditional solutions use
experience replay, but replay is naturally off-policy.

2. Wall-Clock Efficiency
Multiple workers collect data in parallel, improving wall-clock training time on CPU-based systems.

A3C addresses these problems as follows:

* Run N parallel actor-learners, each with its own environment instance.

» Each worker maintains local copies of the global parameters, denoted by 6" and ¢'.

* Periodically, each worker:
1. collects up to ¢, Steps of experience;
2. computes gradients Vg Jycior and V i Lesitic;
3. asynchronously updates the global parameters 6 and ¢ using Hogwild!-style updates;
4.

synchronizes its local parameters by setting 6’ < 6 and ¢’ < ¢.
Question 6: Stale Gradients in Asynchronous Actor-Critic [3 Points]

In A3C, a worker may compute a gradient using stale local parameters 6;_, and apply it to the current

global parameter 6,.
Let
G(0) = VJ(0)

denote the exact policy-gradient field. Assume G is L-Lipschitz:

IG(6) = G(&)ll2 < L[|6 — &[]
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Assume each global parameter update satisfies
10k41 — Okl|2 < aC.
Prove that the stale-gradient error is bounded by
1G(0:) — G(6:—)|l2 < LaC'T.

Then explain what this bound implies about the effect of the learning rate «, the delay 7, and the
number of parallel workers.

Question 7: Decorrelation Through Parallel Workers [5 Points]

Suppose each A3C worker produces a stochastic gradient estimate g; satisfying
Elgi] = g, Var(g;) = 2.

Assume that for i # 7,
Cov(gi, g5) = p%,

where p € [0, 1] measures correlation between worker gradients.

Let
1 X
9= N ; 9i-
Part (a) Compute Var(g) in terms of N, p, and 3.

Part (b) Analyze the special cases p = 0 and p = 1.

Part (c) Use this calculation to explain why running multiple parallel actors can stabilize on-policy
learning without experience replay.
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